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Based on the fact that the scalar curvature of the internal space determines the mass of the dilaton
in higher-dimensional unified theories, we show how the dilaton mass can explain the origin of mass
and resolve the hierarchy problem. Moreover, we show that cosmology puts a strong constraint on
dilaton mass, and requires the scale of the internal space to be larger than 10−9 m.
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One of the fundamental problems in physics is the so
called hierarchy problem. It has been very difficult to
understand why the Planck mass fixed by the Newton’s
constant is so large compared to the mass scale of ordi-
nary elementary particles, or equivalently why the gravi-
tational force is so weak compared to other forces. There
have been many proposals to resolve this problem. Long
time ago Dirac conjectured that the Newton’s constant
may not be a constant but actually a time-dependent pa-
rameter to resolve the problem [1, 2]. This is an attrac-
tive proposal, because this conjecture can naturally be
implemented in realistic higher-dimensional unified the-
ories [3, 4]. Another interesting proposal based on the
higher-dimensional unification is that the gravitational
force in higher-dimension is actually as strong as other
forces, but a relatively large (compared to the Planck
scale) internal space of the order of TeV scale makes the
4-dimensional gravitational force very weak [5, 6].
A totally independent on the surface but actually in-
timately related problem is the dilatonic fifth force and
the origin of dilaton mass [7, 8]. All existing higher-
dimensional unified theories (Kaluza-Klein theory, super-
gravity, and superstring) predict the existence of the dila-
ton, the fundamental scalar graviton which couples to all
matter fields [3, 9, 10]. As the scalar graviton it generates
a fifth force which can affect the Einstein’s gravity in a
fundamental way, and has a deep impact in cosmology.
The reason why the dilatonic fifth force is related to the
hierarchy problem is that the dilaton mass which deter-
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mines the range of the fifth force is given by the scalar
curvature of the internal space, whose scale is fixed by
the scale of the internal space [4, 7]. The purpose of this
Letter is to show how the dilaton mass can resolve the hi-
erarchy problem and allow us to understand the origin of
mass, and to discuss how the cosmology excludes the dila-
ton with mass heavier than 160 eV. This, together with
the known fifth force experiment constraint on dilaton
mass, requires the scale of internal space to be smaller
than 10−5 m, but larger than 10−9 m.
It has been well known that in higher-dimensional uni-
fied theories the volume element of the internal space
has important roles in 4-dimensional physics [3, 4]. It
becomes a fundamental scalar graviton known as the
Kaluza-Klein dilaton, which makes the Newton’s con-
stant space-time dependent and naturally realizes the
Dirac’s conjecture [4, 7]. As an essential part of the
(4 + n)-dimensional metric the dilaton (also called the
“radion” [6] or the “chameleon” [11]) couples to all mat-
ter fields, and generates the dilatonic fifth force which
could compromise the equivalence principle [8, 12]. It
acquires a mass geometrically, and thus can easily ac-
commodate the experimental fact that there is no long
range fifth force in nature [13, 14]. Moreover, in cosmol-
ogy the dilaton could play the role of the inflaton, and
well be the dark matter of the universe [12, 15]. But as
the dark matter it can not have arbitrary mass. This
severely constrains the dilaton mass, and thus the size of
the internal space. In the following we discuss how the
dilaton acquires a mass and how the existing constraints
on the dilaton mass restrict the size of the internal space.
To do this, it is worth comparing two dimensional re-
duction methods in higher-dimensional theories, because
the way the dilaton couples to matter fields crucially de-
pends on the dimensional reduction methods. In the
2popular dimensional reduction one treats the (4 + n)-
dimensional space as physical and view the 4-dimensional
physics as an approximation in the limit when the n-
dimensional space is very small [9, 10]. On the other
hand, in the dimensional reduction by isometry, one as-
sumes an exact isometry in the (4+n)-dimensional space
to make the n-dimensional space unphysical [3, 4]. In this
view the n-dimensional space becomes invisible not be-
cause of the small size but because of the isometry, so
that the size of the n-dimensional space can be arbitrary
in principle. It has been thought that the popular view is
more general because it practically reduces to the other
view in the zero mode approximation (where one excludes
the massive Kaluza-Klein modes). However, there are
subtle but important differences between the two reduc-
tion methods which can change the 4-dimensional physics
drastically, as we will see in the following.
Since all higher-dimensional unified theories contain
the (4+n)-dimensional gravity we start from the dimen-
sional reduction of Kaluza-Klein theory. Consider the
popular dimensional reduction first. In the zero mode
approximation, one has to exclude the massive Kaluza-
Klein modes. A simple way to do this is to introduce
an n-dimensional isometry G, and to view the (4 + n)-
dimensional unified space as a principal fiber bundle
P(M,G) made of the 4-dimensional space-time M as the
base manifold and the n-dimensional group manifold G
as the vertical fiber (the internal space) on which G acts
as an isometry. Let γµν and φab be the metric on M
and G, γ and φ be the determinants of γµν and φab,
and ρab = φ
−1/n φab (|det ρab| = 1) be the normalized
internal metric. In this setting the (4+n)-dimensional
Einstein-Hilbert action on P leads to the following 4-
dimensional Lagrangian in the Jordan frame [2, 3]
L0 = − VˆG
16piGP
√
γ
√
φ
[
RM
−n− 1
4n
γµν
(∂µφ)(∂νφ)
φ
2
+
κ2
4
n
√
φ ρabγ
µαγνβF aµνF
b
αβ
+
γµν
4
(Dµρ
ab)(Dνρab) +
1
κ2 n
√
φ
RˆG(ρab)
+ΛP + λ(|detρab| − 1)
]
, (1)
where GP is the (4+n)-dimensional gravitational con-
stant, VˆG is the normalized volume of the internal space
G, RM is the scalar curvature of M fixed by γµν , RˆG(ρab)
is the normalized internal curvature of G fixed by ρab,
RˆG(ρab) = −1
2
f dab f
b
cd ρ
ac − 1
4
f mab f
n
cd ρ
acρbdρmn,
κ is the unit scale of the internal space, F aµν is the gauge
field of the isometry group, ΛP is the (4+n)-dimensional
cosmological constant, and λ is a Lagrange multiplier. To
clarify the meaning of (1), we introduce the Pauli metric
(also called the Einstein metric in string theory) gµν and
the Kaluza-Klein dilaton σ by
gµν = exp
(√ n
n+ 2
σ
)
γµν ,
φ =
[
v exp
(√ n
n+ 2
σ
)]2
, < φ >= v2. (2)
With this (1) is expressed in the Pauli frame as [3, 12]
L = − v VˆG
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√
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1
2
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2 − 1
4
(Dµρ
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σ
)
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a
µνF
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]
. (3)
This describes the well-known unification of gravitation
with the gauge field, if one identifies [3, 4]
v VˆG
16piGP
=
1
16piG
,
κ2
16piG
= 1, (4)
where G is the Newton’s constant.
This tells the followings. First, although the unit
scale of the internal space κ is fixed by the Planck scale√
16piG, the vacuum expectation value of the volume of
the internal space is given by [7, 8]
< VG >= v VˆG ≃ v κn = v (16piG)n/2. (5)
This means that the actual scale of the internal space
LG is given by v
1/nκ, not the Planck scale. Perhaps
more importantly, this tells that the scale of the higher-
dimensional gravitational constant GP is given by
GP
1/(n+2) = (16pi)n/2(n+2) v1/(n+2) G1/2. (6)
This is precisely the equation which has been proposed
to resolve the hierarchy problem [5, 6], which shows that
a large v can easily bring GP to the order of the ele-
mentary particle scale. Of course, in the popular dimen-
sional reduction in which the (4+n)-dimensional space is
treated as physical, the internal space can not assume a
large scale because it has to be invisible at present energy
scale. For this reason the size has often been assumed to
be of the Planck scale, with v = 1 [3, 9, 10]. But we em-
phasize that a relatively large internal space has not been
ruled out theoretically as well as experimentally [7, 13].
Second, it is the Pauli metric gµν , not the Jordan
metric γµν , which describes the massless spin-two gravi-
ton of Einstein’s theory [12]. But notice that (in the
absence of the dilaton) its coupling to the gauge field de-
pends on v, so that the graviton couples to the gauge
3field non-minimally when v 6= 1. And this leads to a vi-
olation of the equivalence principle [8, 12]. Fortunately
we can remove this v-dependent gravitational coupling by
renormalizing F aµν to Fˆ
a
µν = v
1/nF aµν and identifying Fˆ
a
µν
as the 4-dimensional gauge field. When one has higher-
dimensional matter fields (as is the case in superstring
or supergravity), however, the rescaling of the matter
fields to absorb the v-dependent gravitational coupling
is no longer possible in the popular dimensional reduc-
tion. This is because the normalization of the matter
fields is pre-fixed by the (4+n)-dimensional physics, since
the higher-dimensional space is treated as physical here
[5, 6]. In this case a large v inevitably leads to a disas-
trous violation of the equivalence principle in Einstein’s
theory, which implies that the scale of the internal space
can not be much larger than the Planck scale. This is a
potentially dangerous defect of the popular dimensional
reduction which has to be treated very carefully.
However, one can avoid this violation of the equiva-
lence principle if one adopt the dimensional reduction by
isometry. This is because in this case one can renormalize
the matter fields and their masses with impunity after the
dimensional reduction to absorb the v-dependent gravita-
tional coupling, since only the 4-dimensional space-time
is treated as physical in this dimensional reduction. In
this case one can have a large v without violating the
equivalence principle. This tells that the dimensional
reduction by isometry has a logical advantage over the
popular dimensional reduction [3, 16].
Suppose the Lagrangian (3) has the unique vacuum at
< gµν >= ηµν , < σ >= 0, < ρab >= δab, < A
a
µ >= 0.
With this we have the following dilaton potential V (σ),
V (σ) = v−2/n
RˆG
(16piG)2
[
exp
(−
√
n+ 2
n
σ
)
−n+ 2
n
exp
(−√ n
n+ 2
σ
)
+
2
n
]
, (7)
where RˆG = RˆG(δab) is the (dimensionless) curvature of
G created by the Cartan-Killing metric δab. Notice that
the potential is completely fixed by the vacuum condi-
tion V (0) = 0 and dV (0)/dσ = 0. Clearly V (0) = 0
assures that we have no ad hoc 4-dimensional cosmolog-
ical constant, and dV (0)/dσ = 0 shows that the (4 + n)-
dimensional cosmological constant ΛP is uniquely fixed.
From (7) we find the mass of the Kaluza-Klein dilaton µ,
µ2 = −v−2/n RˆG
8pin
m2p =
2
n+ 2
ΛP , (8)
where mp is the Planck mass. This demonstrates that a
large v naturally transforms the large Planck mass to a
small dilaton mass, which can easily be of the order of the
elementary particle mass scale. This is the resolution of
the hierarchy problem in Kaluza-Klein unification [4, 7].
But notice that µ = 0 when RˆG = 0, independent of
n and v. From (8) we have the following scale of the
internal space LG (when RˆG 6= 0),
LG = v
1/n κ =
√
−2RˆG
n
1
µ
≃ 1
µ
. (9)
So, for the S3-compactification of 3-dimensional internal
space in (4 + 3)-dimensional unification with G=SU(2),
we have RˆG = −3/2 and LG = 1/µ.
At this point it is worth comparing (6) and (8). Both
provide a resolution of the hierarchy problem. But there
is a big difference. Clearly (6) does that making the
higher-dimensional Newton’s constant large, but (8) does
that with the dilaton mass. Moreover, the dimension of
the internal space n plays the crucial role in (6). But the
curvature of the internal space plays the crucial role in
(8). In fact here it is crucial that we have a non-vanishing
RˆG to resolve the hierarchy problem. Furthermore, (8)
solves the hierarchy problem providing a new mass gen-
eration mechanism, a geometric mass generation through
the curvature of space-time, which tells that the hierar-
chy problem is closely related to the problem of the origin
of mass. More significantly, it tells that the curvature can
be the cause (not the effect) of the mass. Understand-
ing the origin of mass has been a fundamental problem
in physics. The geometric mass generation mechanism
could provide a natural resolution to this problem.
As the scalar graviton the dilaton modifies Einstein’s
gravitation in a fundamental way [8, 12]. To see how,
notice that the sum of the gravitational and fifth force
between the two baryonic point particles separated by a
distance r is given in the Newtonian limit as
F ≃ αg
r2
+
α5
r2
e−µr =
αg
r2
(
1 + βe−µr
)
, (10)
where αgand α5 are the fine structure constants of the
gravitation and fifth force, and β is the ratio between
them. In terms of Feynman diagrams the first term
represents one graviton exchange but the second term
represents one dilaton exchange in the zero momen-
tum transfer limit. In Kaluza-Klein unification we have
β = n/(n+2) [4, 7], but in general one may assume β ≃ 1
because the dilaton is the scalar partner of the graviton.
With this assumption one may try to measure the range
of the fifth force experimentally. A recent torsion-balance
fifth force experiment puts the upper bound of the range
to be around 44 µm (and the dilaton mass to be around
4.5 × 10−3 eV ) with 95% confidence level [14]. This,
with (9), implies that in the (4 + 3)-dimensional unifica-
tion with G=SU(2) the size of the internal space LG can
not be larger than 44 µm.
On the other hand the cosmology puts a strong the-
oretical constraint on dilaton mass, because the dilaton
can easily be the dominant matter of the universe. In
cosmology the dilaton starts with the thermal equilib-
rium at the beginning and decouples from other sources
very early near the Planck time. But it is not stable,
4although it will decay very slowly due to the weak (i.e.,
the gravitational) coupling to the matter fields. There
are two dominant decay channels of the dilaton, two-
photon decay and fermion-antifermion decay, which may
be described by the following Lagrangian [15],
Lint ≃ −1
4
g1
√
16piG σˆ FµνF
µν
−g2
√
16piG m σˆ ψ¯ψ, (11)
where g1 and g2 are dimensionless coupling constants,
m is the mass of the fermion, and σˆ = σ/
√
16piG is
the dimensional (physical) dilaton field. From this we
can calculate the two-photon decay rate and the fermion-
antifermion decay rate of dilaton in tree approximation
[15]
Γσ→γγ =
g21µ
3
16 m2p
,
Γσ→ψ¯ψ =
2g22 m
2 µ
m2p
×
[
1−
(
2m
µ
)2]3/2
. (12)
With this we can estimate the present number density of
the relic dilaton n(t0),
n(t0) ≃ 7.5 exp
( −t0
τ(µ)
)
cm−3, (13)
where t0 = 1.5 × 1010 yr is the age of the universe and
τ(µ) is the total life-time of the dilaton. This implies that
the dilaton can easily survive to the present universe and
can be the dominant matter of the universe
Now, for the dilaton to be the dark matter, we must
have the following constraints for the dilaton mass. First,
the dilaton mass density ρ(µ) must be equal to the dark
matter density ρ0(µ) [15],
ρ(µ) = µ× 7.5 exp
( −t0
τ(µ)
)
cm−3
≃ ρ0(µ) ≃ 0.23× 5.9 keV cm−3. (14)
Secondly, the energy density of the daughter particles
(photons and light fermions) ρ˜(µ) must be negligibly
small compared to the dark matter density,
ρ˜(µ)≪ ρ0(µ). (15)
To find the dilaton mass which satisfies the above con-
straints, we have to know the coupling constants g1 and
g2. In Kaluza-Klein unification they are given by [4]
g1 =
√
n+ 2
n
, g2 =
√
n
n+ 2
. (16)
But here we leave them as free parameters, assuming only
g1 ≃ g2.
The first constraint (14) shows that, when g1 ≃ g2 ≃
1, there are two mass ranges of dilaton in which the relic
FIG. 1: The allowed mass µ of dilaton (uncolored region),
where we leave β = α5/αg arbitrary. The colored region
marked by (–) is the excluded region, and the dotted line rep-
resents the mass of the heavy dilaton whose daughter particles
overclose the universe.
dilaton could be the dominant matter of the universe;
µ ≃ 160 eV with life-time τ ≃ 3.8 × 1035 sec and µ ≃
276 MeV with life-time τ ≃ 3.3× 1016 sec. The dilaton
with mass smaller than 160 eV survives but fails to be
dominant matter due to its low mass, and the dilaton
with mass larger than 276 MeV does not survive long
enough to become the dominant matter of the universe.
The dilaton with mass in between is impossible because
it would overclose the universe. This clearly rules out the
ADD dilaton with mass of TeV range.
Moreover, the second constraint (15) shows that the
dilaton with mass 276 MeV can not be aceptable as the
dark matter. To see this notice that τ2 ≃ 6.9 × 10−2 t0,
so that most of the dilaton with mass 276 MeV have
already decayed. Indeed only 1.98 × 10−6 of the heavy
dilatons which survive now fill the dark matter energy.
This means that the energy density of the daughter par-
ticles from the heavy dilaton must be much bigger than
the energy density of the dilaton itself, which tells that
the daughter particles from the heavy dilaton overclose
the universe. This makes the heavy dilaton unacceptable.
On the other hand the dilaton with mass 160 eV is almost
stable because τ1 ≃ 8.1× 1017 t0. In this case the energy
density of the daughter particles from the light dilaton is
negligible compared to the energy density of the dilaton
itself, so that the 160 eV dilaton can easily satisfy the
second constraint. In conclusion only the 160 eV dilaton
can become the dark matter of the universe. This puts a
strong cosmological constraint on dilaton mass, and im-
mediately rules out the internal space of the scale smaller
than 1.2 nm.
Putting these constraints together we obtain Fig. 1,
which shows the allowed region of the dilaton mass (and
the allowed range of the fifth force) in 7-dimensional uni-
fication with S3 compactification of the internal space.
5Although β is expected to be of the order one, we leave
it arbitrary here. Here we emphasize that the cosmolog-
ical estimate of the dilaton mass discussed in this paper
should be understood as an order estimate, not an exact
result, because it is based on the linear approximation.
Nevertheless our result demonstrates that cosmology pro-
vides a crucial piece of information on the dilaton mass.
In particular, cosmology rules out the TeV scale internal
space suggested by ADD. Moreover, our result implies
that the dilatonic fifth force may be too short-ranged to
be detected by the fifth force experiment. Under this cir-
cumstance a totally different type of experiments based
on two-photon decay of dilaton is needed to detect the
dilaton [17].
In this paper we have discussed how the dilaton mass
can resolve the hierarchy problem and explain the origin
of mass. Moreover, we have shown how the dilaton can
be the dominant matter of the universe, and how the
cosmology can determine the dilaton mass the scale of
the internal space. In particular, we have shown that the
cosmology effectively excludes the dilaton heavier than
160 eV , and thus the internal space whose scale is smaller
than 10−9 m.
We close with the following remarks.
1. So far we have concentrated on the dilaton. But we
emphasize that there are other scalar gravitons called in-
ternal gravitons (also called the moduli in string theory)
which are described by ρab, which have similar properties
[3, 4]. Here we simply mention that in general there are
(n+2)(n− 1)/2 such internal gravitons which have sim-
ilar features and thus enhance the impact of the dilaton
we have discussed above.
2. In superstring or supergravity the situation is more
complicated. For example, in string theory one has to
deal with an extra higher-dimensional dilaton (the string
dilaton) which remains massless in all orders of perturba-
tion [10]. But once the dilaton acquires a mass, the qual-
itative features of dilaton physics will remain the same.
In particular, the constraint on the dilaton mass shown
in Fig.1 must apply to all higher-dimensional unified the-
ories.
3. In the above analysis, we have assumed that < σ >=
0. But in cosmology the dilaton field (as the inflaton)
may actually evolve in time, so that classically σ(t0) may
not be zero at present time t0 [7]. Even in this case our
conclusion may still be valid, if we identify v and RˆG as
the present volume and curvature of the internal space
(with σ(t0) = 0) [7, 12].
The detailed discussions of our results and related
subjects will be published in a separate paper [17].
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